Identifying quantumness via addition-then-subtraction operation 
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We propose a measure that distinguishes between classical and quantum particles based on 
addition-then-subtraction operation. We show how the operation is particularly useful for our 
purpose by investigating the behaviours of classical and quantum particles under addition and sub- 
traction operations. After showing that the measure can dintinguish between classical, bosonic, and 
fermionic particles we go on to investigate multi-particle bosonic systems, which exhibit bunching 
phenomena, in detail. Experimental schemes to detect the measure for bosons are provided, first in 
an all-optical setup and also in an atom-cavity system. 
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I. INTRODUCTION 

Quantum particles exhibit either particle nature or 
wave nature due to complementarity The wave na- 
ture allows quantum particles not only to show interfer- 
ence in a double slit experiment but also to be indis- 
tinguishable from each other in the same energy state. 
Quantum particles are classified into bosons and fermions 
showing bunching and anti-bunching, respectively. A 
large number of noninteracting bosons can occupy the 
lowest energy state, while only one fermion can occupy 
a particular energy state due to Pauli exclusion princi- 
ple. Quantum particles exhibit entanglement [2] which 
is an essential resource in quantum information process- 
ing [3|. For example, injecting single photons (bosons) 
to the input modes of a 50 : 50 beam splitter, one can 
generate a well-known entangled state |2,0) — |0,2) by 
Hong-Ou-Mandel interference For fermions, by in- 
jecting two electrons to two mesoscopic electron beam 
splitters [H, i.e., BMbcBMab\^)a\0)b\'^)c: one can gener- 
ate a Dicke state of 3 qubits with 2 excitations [gI, 0, 
^(|1, 1, 0) + |1, 0, 1) + |0, 1, 1)). On the other hand, clas- 
sical particles are distinguishable even in the same energy 
state, resulting in different statistics. 

The differences between the three types of particles, 
i.e., classical, bosonic, and fermionic particles, have been 
investigated by looking at the statistical behavior of 
the particles at a lossless beam-splitter, for example [8|. 
When each particle is injected into a 50 : 50 beam split- 
ter, the output modes generate different statistics, i.e., 
classic (P(l,l) = 1/2, P(2,0) = P(0, 2) = 1/4), Bose 
(P(2,0) = P(0,2) = 1/2), and Fermi (P(l, 1) = 1) 
statistics. Other works include (1) measuring quantum- 
ness via anti-commutator [9], where the quantumness 
of any two quantum states was quantified by the non- 
positivity of the anti-commutator, and (2) measuring 
bosonic and fermionic properties with the difference of 
vacuum state probability via addition-then-subtraction 
operation [Io|, where the measuring properties were re- 
stricted to vacuum and single particle probabilities. For 
bosons, there have been investigations on nonclassical 



properties by ph oton addition-then-subtraction opera- 
tion aa^ [lll-[l3|. Moreover, the sequential operation 
is useful in probing quantum commutation rules [l^, 
improving entanglement in continuous variable systems 
[TBI , [TgI, achieving noiseless amplifier [l^, and quanti- 
fying bosonic (fermionic) behavior in composite particle 
systems [lo|- 

Here we propose a scheme to compare the three types 
of particles in a single mode via addition and subtrac- 
tion operations and suggest possible experimental imple- 
mentations. Suppose one is given a device that adds 
and subtracts a given type of particle. Then, this de- 
vice works very differently for the three types of parti- 
cles. For classical particles, the addition and subtraction 
operations work deterministically, whereas for quantum 
particles, the operations can only be carried out proba- 
bilistically, e.g., addition and subtraction of photons prj . 
Thus, using an addition-then-subtraction operation, we 
can distinguish the quantum particles from the classical 
particles and quantify their quantumness. We focus on 
multi-particle probabilities which are useful in quantify- 
ing the bosonic property, i.e., bunching effect. 

This paper is organized as follows. Section II begins 
with an identification of classical and quantum particles 
from the particle viewpoint, and provides a generalized 
operator description. In Sec. Ill, we propose a measure 
to test bosonic and fermionic properties via an addition- 
then-subtraction operation. Furthermore, we suggest im- 
plementable schemes in an atom-cavity system as well as 
in an all-optical system. Finally, a conclusion is given in 
Sec. IV. 



II. IDENTIFICATION OF CLASSICAL AND 
QUANTUM PARTICLES 

We consider addition and subtraction operations to 
distinguish quantum particles from classical particles. In 
classical mechanics, addition and subtraction operations 
are independent of the initial state, such that the ini- 
tial state does not change after the sequential opera- 
tion, i.e., addition-then-subtraction or subtraction-then- 
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FIG. 1: Identification of classical and quantum particles via 
addition-t hen-subtract ion. Assume that initially we have two 
independent particles. Classical particles are distinguishable 
and quantum particles are indistinguishable. 



addition operation. In quantum mechanics, addition and 
subtraction of a boson (photon) depends on the initial 
state. For example, when there are n bosons initially, 
addition operation is defined as a^n) = VrH-T|n + 1), 
where \/ri^^ indicates the probability amplitude that 
we can identify the photon we added in the final state af- 
ter addition. Subtraction operation is defined as a\n) = 
^/n\n — 1), where ^/n indicates the probability ampli- 
tude that we can identify the photon we subtracted in 
the initial state before subtraction. After addition-then- 
subtraction operation {aa^) or subtraction-then- addition 
operation {d^d) on a state |n), the corresponding particle 
state becomes (n + l)|n) or n|n), where the probability 
amplitude (n + 1) or n represents bunching effect arising 
due to indistinguishability. 

Differences between classical and quantum particles 
are clearly seen from the effects of addition and subtrac- 
tion of particles on a single particle state. Note that one 
has to start with at least one particle because the process 
of one-particle subtraction is not accessible when there is 
no particle to begin with. For one-particle subtraction- 
then- addition^ there is no difference between classical and 
quantum particles if we start with one particle: The ini- 
tial particle is merely taken away from the initial place 
and then returned to the same place. For one-particle 
addition- then- subtraction from one particle, however, 
there is a difference between classical and quantum par- 
ticles. Of course, a classical particle returns to the initial 
state after the operations, but it is not the case for a 
quantum particle. After adding one quantum particle to 
the initial one, it is impossible to subtract the same par- 
ticle since quantum particles are indistinguishable. The 
situation is depicted in Fig. 1, where we associate the in- 
distinguishability with the overlap between the quantum 
particles. 

A formal description of the addition and subtraction 
operations can be given within the mathematical formu- 
lation of quantum mechanics. We define a generalized 



subtraction and addition operators as 

CO oo 

Ck = J2ku\n-l){n\, cl = J2k*Jn){n-l\, (2.1) 

n—1 n—1 

where n is the number of particles, and the addition op- 
erator cl is derived by the adjoint of the subtraction op- 
erator. The differences between quantum and classical 
systems are typically ascribed to the commutation rela- 
tion of the addition and subtraction, which approaches 
zero for classical particles. With the operators, we can 
test the commutation relation, 

oo 

[ck,ci] = ^(|fc„p - |fc„_in|n - l){n - 1|, (2.2) 

n=l 

where ko = 0. To make the r.h.s. zero, we can put 
all the coefficients kn equalized as kn = kn-\-i in > 1), 
such that we would get the relation, [c/c,c^] = |/cip|0)(0|. 
Then the coefficient ki should be zero in order to make 
the commutation relation zero. However, the operator 
vanishes in this case, and one sees that the commutation 
relation cannot be made to disappear completely in this 
classical regime. 

The situation is very different in the quantum regime. 
For bosonic particles, the commutation relation equals 
to the identity, [cfe,c^] = /, with = n. For 

fermionic particles, it is required to consider the anti- 
commutation relation. Due to the Pauli exclusion princi- 
ple, the operator is transformed into Ck = /ci|0)(l|, such 
that the anti-commutation relation becomes {c/c,c^} = 
|/cip(|0)(0| + |1)(1|). Therefore, the anti-commutation 
relation equals to the identity with \ki \ = 1. 

We have shown that although quantum formalism 
readily admits the description in terms of commutation 
relation, the generalization to the classical regime is not 
so straightforward. It can be understood by looking into 
the two terms Ckcl and c^c/c separately. Based on the 
relation (2.1), we get the following forms, 

CO 

Ckci = ^\kn\^\n-l){n-l\, (2.3) 

CO 

ctcfc = ^|fc„|2|n)(n|. (2.4) 

With |/CnP = 1, the relations become c^c^ = /, and 
c^c/c = / — |0)(0|. From this, one explicitly sees that the 
commutation relation cannot approach zero because of 
the vacuum component in the subtraction-then-addition 
operation. 

Thus, instead of the commutation relation, we pro- 
pose to consider the addition-then-subtraction operation 
which reduces to the identity for classical particles. For 
m initial classical particles |m)c {m > 0), we obtain 
the result, c/cC^|m)c = \m)c with the relation (2.3) and 
l/cnp = 1. For m bosonic particles |m)5 (m > 0), we 
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TABLE I: Classical and Quantum particles 



Particle 


(Anti) Commutation 




Classical 
Bosonic 
Fermionic 


[<5o,ct] = |0)(0| 
= 


I 

Er=i«l«-i>(^-i| 

|0>(0| 



get the result Ckc\\m)}) = (m + l)\m)}) with |/CnP = ^• 
For m fermionic particles \m) f (m = or 1), we get the 
result, Ckc\\{))f = |0)/ and c/cC^|l)/ = with Pauli ex- 
clusion principle and = 1. Therefore, by looking at 
the norm of the state c|.|m), we can figure out whether a 
given particle is classical, bosonic, or femionic: 

c{m\ckcl\m)c = 1, \knf = 1, 
b{m\ckcl\m)b = m + 1, |/cnp = n, 
f{m\ckcl\m)f = Oor 1, \ki\^ = I. (2.5) 

We then obtain the general relation for classical and 
quantum particles as shown in Table I, where c^, c^, Cf 
are for \kn\'^ = 1, \kn\'^ = n, \ki\'^ = 1, respectively. 

III. TEST OF BOSONIC AND FERMIONIC 
PROPERTIES VIA 
ADDITION-THEN-SUBTRACTION OPERATION 

In this section, we investigate the difference be- 
tween bosonic and fermionic properties via addition- 
then-subtraction operation, and propose implementable 
schemes for bosons in all-optical and atom-cavity sys- 
tems. The addition and subtraction operations are one- 
sided unitary, CqcI = /, in the classical limit, i.e., the 
addition operation is norm preserving for classical parti- 
cles. For quantum particles, however, this is not the case. 
Thus, based on the norm preserving property, we can 
write down an analytic relation for bosons and fermions. 



where pin =_ |l)a(l| ^ \^)b{0\ p^^^ and pth = 
(T^ Z]^o(ttw)''I^)(^I mean photon number). The 
beam splitter Bab (Bbc) transforms the input modes as 
at ^ tat + and ^t ^ # _ ^^t ( ^ _i=(5t _ ^t) 

and ct ^ -i^(ct + ^t) ). t and r are the transmit- 

tivity and reflectivity of the beam splitter Bab^ respec- 
tively. So the probability distribution becomes pout = 

(1 -p)|0)(0| +p|l)(l| with p = |^|,^'|,|, . Applying 

it to the inequalities, the l.h.s. becomes 1 + p for bosons 
and 1 — p for fermions, whereas the r.h.s. becomes 1. Ap- 
proaching p ~ 1, the bosonic property can be up to 2 and 
the fermionic one be down to 0. Note that this measure 
is different from Kurzyhski et al.'s measure [Io| which 
has been optimized for the probability distribution p at 
p = 1/3. On the other hand, our measure is optimized 
for p at p = 1. 

For bosons, we can test other quantum states, such as a 
coherent state \a) or a thermal state pth- The l.h.s. of the 
inequality (3.1) becomes 1 + |ap and 1 + n for coherent 
and thermal states, respectively. We can see that their 
bosonic property increases with the mean photon number 
of each state. Furthermore, we can consider higher-order 
relation as follows, 

bWc^i'^mb > bimt, (3.4) 

where n is a positive integer. Since the operator 
Cb is equal to the photon annihiliation operator a, 
the l.h.s. of the inequality (3.4) becomes the expecta- 
tion value of anti- normal ordering operator, (a^at^) = 
(PaQ{a)\a\'^'^ , Q{a) = ^{a\p\a)^ where Q{a) is pos- 
itive semi-definite [l9[. For coherent and thermal states, 
the l.h.s. of the inequality (3.4) becomes n!Ln(— |q^P) and 
n!(l + n)^, respectively, where Ln{—\a\'^) is the Laguerre 
polynomial. Their bosonic property increases much more 
rapidly with the mean photon number. 



A. Bosonic and Fermionic properties 

The norm of bosonic particles increases via addition 
operation, whereas the same of fermionic particles de- 
creases via the addition operation, except for the vacuum 
state. It is convenient to write it in the following form 

b{^\cbcl\^)b > b{^\^)b. (3.1) 

where b (/) denotes a boson (fermion), and the equality 
holds for the vacuum state. We can test the inequalities 
with a probability distribution, p= (1 — j9)|0)(0| +p|l)(l|, 
which can be considered in the case of bosons as well as 
fermions. The probability distribution can be generated 
with quantum scissors [18| and a thermal field. 

Pout =c {0\b{l\BbcBabP^nBl,Bl\l)b\0)c (3.3) 



B. Implementable schemes 

As we have discussed earlier, we do not consider the 
operation ata. Thus, for consistency, the expectation 
value (iplaa^ip) should be measured without resorting 
to the commutation relation. Here, we show that it is 
possible to obtain the expectation value {ilj\aa^ilj) by 
counting the photon number of the idler mode in a non- 
degenerate parametric amplifier (NDPA) with small cou- 
pling strength. Likewise, the expectation value is also 
obtained by detecting the atomic state of the atom-cavity 
field system at gt\^n + 1 <C 1 if the atom is initially pre- 
pared in the upper state |e). 

In an optical system, the norm of bosonic particles via 
addition operation can be obtained with the help of a 
non-degenerate parametric amplifier (NDPA) with small 
coupling strength s <C 1. An arbitrary state |?/;) is in- 
jected to a single mode of the NDPA with the idler mode 
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in the vacuum state, 

exp(-5at6t + sdb)\^)a\0)b ^ (1 - sd^b^)\^)a\0)b. (3.5) 

In this case, there are only two possibihties on the num- 
ber of photons in mode b, as verified in a recent exper- 
iment [IJ]- Then, counting the number of photons in 
mode b, we get the probability of each number, ^^(O) 
and P6(l) as follows. 



n(i) 



(3.6) 
(3.7) 



Given a coupling strength of the NDPA, we can get the 
norm of bosonic particles after the addition operation by 
counting the number of photons in mode b. 



A(l) N,{1) 



where P^lO) 



iVb(Q) 



82P,(0) ^2^5(0)' 

and P5(l) 



(3i 



We 



A^b(0)+A/"b(i) ^''^ ^^V-^; - Ar,(0)+Ar,(l)- 
assume that the norm of the initial state is equal to 1, i.e., 
= 1. Ni){{)) and Ni^il) are the number of counts 
that zero- and one-photon are detected in in mode b, 
respectively. The rate of counting one-photon increases 
with the mean photon number of the initial state. 

In an atom-cavity system, we can obtain the norm 
by interacting a two-level atom with a single-mode cav- 
ity field at resonance. The time evolution of the atom- 
field system is = e-^^^/^|V^(t = 0)), where H = 
gt{a)cr- + a(j+), a_ = \g){e\, and (j+ = \e){g\ [19]. g is 
the atom-field coupling constant, a_ and a+ are atomic 
ladder operators with |e) and \g) denoting the upper and 
lower states of the atom, a) and d are photon creation 
and annihilation operators. Initially, the atom is pre- 
pared in |e) and the cavity field is in an arbitrary pure 
state 1?/^) = n Cn(Q)l^)- Then, the atom-cavity sys- 
tem evolves as [20| 

W)) = |e) ^ Cn(0) cos{gWn + l)|n) 

n=0 



1^) ^ ^n(Q) ^^J— ^at|n).(3.9) 



At gt^/n + 1 <C 1, 



^)®Y - igt\g) (8) Y Cn(O)a'^ln) 



n=0 



n=0 



\e) 



■igt\g)(S)a^\4>). 



(3.10) 



Equation (3.10) can be approximately satisfied with 
small coupling constant (^), and short interaction time 
{t) for a given maximum photon number. Then, detect- 
ing the atomic state, we obtain the norm 



\dd^\^) 



(3.11) 



where Ng (iVg) is the counting number of the atom in the 
lower (upper) state. The rate of detecting the atom in 
the lower state increases with the mean photon number 
of the initial cavity field. 



IV. CONCLUSION 

We have shown how to distinguish quantum particles 
from classical particles via addition-then-subtraction op- 
eration. With a generalized operator description, we 
could make a difference on the norm of the particles 
{iplckcllip) . For one-particle states, the norm becomes 
1, 2, and for classical, bosonic, and fermionic parti- 
cles, respectively. We have applied the addition- then- 
subtraction operation to quantify bosonic and fermionic 
properties, showing in particular that the bosonic prop- 
erty increases with the mean number. Furthermore, we 
have shown that one can evaluate the bunching effect by 
measuring an idler mode of a non-degenerate parametric 
amplifier with small coupling strength, or by detecting 
an atomic state of a weakly interacting atom-cavity field 
system. 
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